Let G be a connected semisimple algebraic group defined over the field R of real numbers. An element x of G(R) is called R-regular if the number of eigenvalues, counted with multiplicity, of modulus 1 of Ad x is minimum possible. (If G is R-anisotropic, i.e., the group G(R) is compact, every element of G(R) is Rregular.) The existence of R-regular elements in an arbitrary subsemigroup Γ of G(R) which is Zariski-dense in G was proved by Y. Benoist and F. Labourie [3] using Oseledet's multiplicative ergodic theorem, and then reproved by the firstnamed author [15] by a direct argument. Recently G.A. Margulis and G.A. Soifer asked us a question, which arose in their joint work with H. Abels on the Auslander problem, about the existence of R-regular elements with some special properties. The purpose of this note is to answer their question in the affirmative. Before formulating the result, we recall (cf. [16] , Remark 1.6(1)) that an R-regular element x is necessarily semisimple, so if in addition it is regular, then
Theorem 1. Let G be a connected semisimple real algebraic group. Then any Zariski-dense subsemigroup Γ of G(R) contains a regular R-regular element x such that the cyclic subgroup generated by it is a Zariski-dense subgroup of the maximal torus T := Z G (x)
• .
Remark 1. Let Γ, x and T = Z G (x)
• be as in Theorem 1. Let T s (resp., T a ) be the maximal R-split (resp., R-anisotropic) subtorus of T . Then T = T s · T a (an almost direct product), T s is a maximal R-split torus of G since x is R-regular (see [16] , Lemma 1.5), and T a (R) (R/Z) r , where r = dim T a . There is a positive integer d such that x d = y · z with y ∈ T s (R) and z ∈ T a (R). Then the cyclic group C generated by z is dense in T a in the Zariski-topology and since T a (R) is a compact Lie group, C is actually dense in T a (R) in the usual compact Hausdorff topology on the latter. Thus, in particular, if G(R) is compact, then any dense subsemigroup contains a Kronecker element, i. e. an element such that the closure of the subsemigroup generated by it is a maximal torus.
Also, since the cyclic subgroup generated by x is dense in T in the Zariskitopology, Z G (x) = Z G (T ) = T . Thus the centralizer of x is connected. | γ ∈ Γ, n ∈ Z − {0}}, which consists of R-regular elements with the properties described in Theorem 1, is Zariski-dense in G. To see this note that the cyclic subgroup generated by x is dense in T and, as is well-known, the union of the conjugates of T under a Zariski-dense subset (of G) is Zariski-dense in G.
The proof of Theorem 1 uses the result of [15] , some facts about R-regular elements established in [16] and suitable generalizations of our recent results about irreducible tori [17] . We recall that a torus T defined over a field K is called K-irreducible if it does not contain any proper K-subtori, and a regular semisimple element x ∈ G(K), where G is a semisimple K-group, K-irreducible if the torus T = Z G (x)
• is K-irreducible. To handle arbitrary semisimple groups, these notions need to be generalized as follows. Let G be a connected semisimple algebraic group defined over a field K. Then G = G (1) · · · G (s) , an almost direct product of connected K-simple groups G (i) (cf. [19] ). Given a maximal torus T of G, we let
, for any i = 1, . . . , s. We say that a maximal K-torus T of G is Kquasi-irreducible if it does not contain any K-subtori other than those which are almost direct product of some of the
• is K-quasi-irreducible, and x will be called K-quasi-irreducible anisotropic if, in addition, T is anisotropic over K. We also say that an element x ∈ G is without components of finite order if in some (equivalently, any) decomposition
all the x i 's have infinite order. (Of course, if G is absolutely, or even K-, simple, then the notions of K-irreducibility and K-quasiirreducibility for maximal K-tori of G and regular semisimple elements of G(K) coincide, and elements without components of finite order are simply elements of infinite order.) It is easy to see that a K-quasi-irreducible element x ∈ G(K), which is without components of finite order, generates a Zariski-dense subgroup of the corresponding torus T = Z G (x).
We now observe that without loss of generality the subsemigroup Γ in Theorem 1 can be assumed to be finitely generated, hence contained in G(K), where K is a suitable finitely generated subfield of R over which G is defined; therefore, we see that Theorem 1 is a consequence of the following. Theorem 2. Let K be a finitely generated subfield of R, and G be a connected semisimple algebraic K-group. Then any finitely generated subsemigroup Γ of G(K) which is Zariski-dense in G contains a Zariski-dense set of R-regular Kquasi-irreducible anisotropic elements without components of finite order.
One of the ingredients of the proof of Theorem 2 is the following refinement (with a different proof) of Theorem 1 of [17] . We observe that this refinement is valid for an arbitrary semisimple group defined over an infinite field (of any characteristic) while the result in [17] was established only for absolutely almost simple groups over global fields. 
First, we need to fix some notations and conventions. Given a maximal torus T of G, we let Φ(G, T ) denote the root system of G with respect to T . As usual, we will identify the absolute Weyl group W (G, T ) = N G (T )/T with a normal subgroup of Aut Φ(G, T ). For x ∈ W (G, T ), we let [x] denote the conjugacy class of x in W (G, T ), and for a subset X of W (G, T ), we let [X] denote the collection of conjugacy classes [x] with x ∈ X (in particular, [W (G, T )] is the set of all conjugacy classes in W (G, T )). Next, given two maximal tori T 1 , T 2 and an element g ∈ G such that T 2 = gT 1 g −1 , we let ι g denote the isomorphism from Aut Φ(G, T 1 ) to Aut Φ(G, T 2 ) induced by Int g. We notice that given another g ∈ G with the property
Finally, if a maximal torus T is defined over a field L ⊃ K, we will denote by L T its minimal splitting field over L and by G(T, L) the corresponding Galois group Gal(L T /L). Since G is semisimple, Φ(G, T ) generates the character group X(T ), and therefore the action of G(T, L) on Φ(G, T ) allows one to identify it with a subgroup of Aut Φ(G, T ).
Proof of Theorem 3(i).
Let π : G → G be the simply connected cover of G defined over K, where π is a central isogeny. By our assumption, for each v ∈ S, the group G, and hence also its simply connected cover G, splits over K v and therefore, G possesses a maximal torus C v which is defined and split over K v . According to a theorem of A. Grothendieck (see [5] , Theorem 7.9, and also [8] for the characteristic zero case), the K-variety T of maximal tori of G is a Krational homogeneous space of G, hence has the weak approximation property (see [14] , Proposition 7.3). Since the orbit
We fix a bijection between S and the set of nontrivial conjugacy classes in W (G, T 0 ) and for v ∈ S, we will denote the corresponding conjugacy class by c v . We have the following: [10] for characteristic zero and Bruhat-Tits [7] for general local fields with perfect residue field of cohomological dimension 1),
is defined over K v and has the required property.
Obviously, it suffices to show that
, AG 14.4). To prove (1), we will consider the action of an arbitrary γ ∈ G v on Φ( G, T v ), and compute the corresponding action of
Since T 0 is K v -split, and hence α 0 is defined over K v , for any t ∈ T 0 (K s v ) we obtain the following
, and (1) follows. The proof of Lemma 1 is complete.
For all v ∈ S, we fix a maximal K v -torus T v of G as in the preceding lemma. To prove Theorem 3, let T be a maximal K-torus of G such that for every v in S, there exists a
the existence of such a T follows from the weak approximation property of the K-variety T of maximal tori of G.
) of (the finite group) W (G, T 0 ) meets every conjugacy class of the latter. However, conjugates of a proper subgroup of a finite group cannot fill up the group, so we conclude that
. This obviously implies that T is anisotropic over K. Now, to prove that T is K-quasi-irreducible, we observe that each of the K-simple components G (i) of G can in turn be decomposed further into an almost direct product of connected absolutely almost simple groups: 
irreducibly for all i and j, and 2) 
Proof of Theorem 3(ii).
For each v ∈ S, we let R v denote the set of regular elements in T v (K v ) and consider the map
It follows from the implicit function theorem that ψ v is an open map.
be the natural central isogeny to the adjoint group G (i) of G (i) , and let θ :
denote the resulting central isogeny. Furthermore, for v ∈ S, we let T [14] , Lemma 3.2), and therefore U v ∩ Ω v = ∅. We claim moreover that any x v ∈ U v is without components of finite order. To prove this claim, after replacing x v by a conjugate, we may assume that
v .
Now if for some i, x (i) v has finite order, then since Σ (i)
v is torsion-free, we obtain that
v ) = 1, and therefore, x
But then x v is not regular, a contradiction. It follows that U := v∈S U v satisfies condition (a).
Finally, if δ S (x) ∈ δ S (G(K)) ∩ U, then x is regular semisimple and the torus
T = Z G (x) • is G(K v )-conjugate to T v for all v ∈ S. So,
by (i), T is K-quasi-
irreducible and anisotropic. This completes the proof of Theorem 3. is the ring of integers of K ur v , and instead of using the triviality of
, which easily follows from Lang's theorem on the triviality of Galois cohomology of connected algebraic groups over finite fields, see Theorem 6.8 of [14] .
Remark 4.
If K is a global field, then given any finite set V 0 of places of K, using, for example, Tchebotarev's Density Theorem, one can find a set S of r nonarchimedean places outside V 0 (where r is the same as in the statement of Theorem 3) such that G splits over K v for all v ∈ S. For every v ∈ S, we choose a maximal K v -torus T v of G so that the assertion of Lemma 1 holds, and let T 0 be a maximal K-torus of G which is G(K v )-conjugate to T v for each v ∈ S (the existence of such a T 0 follows from the weak approximation property of the Theorem 3(i) ), hence such a T is K-quasi-irreducible and anisotropic over K, yielding a generalization, and an alternative proof, of Theorem 1(i) of [17] .
K-variety T of maximal tori of G). Now for any maximal K-torus T of G which is G(K v )-conjugate to T 0 for all v ∈ S, G(T, K) ⊃ W (G, T ) (see the proof of
Another ingredient of the proof of Theorem 2 is the following proposition which is a variant of Proposition 1 of [18] . For the reader's convenience we give the full proof although it is similar to the argument given in [18] . Proposition 1. Let K be a finitely generated field of characteristic zero, R ⊂ K be a finitely generated subring. Then there exists an infinite set Π of primes such that for each p ∈ Π there exists an embedding ε p : K → Q p with the property
Proof. Pick a transcendence basis {s 1 , . . . , s l } of K over Q, and let
, let f (x) denote the minimal monic polynomial of α over L, and set B = A [α] . Since R is finitely generated, there exists a nonzero a ∈ A with the following properties:
As f (x) is prime to its derivative f (x), there exist polynomials is infinite (this, in fact, can also be proved by an elementary argument). We claim that Π is as required.
Indeed, suppose p ∈ Π. Then by our construction all roots of g(x) belong to Q p ; moreover, since c 0 ∈ Z × p , the coefficients of g(x) belong to Z p by (2) , and therefore the roots actually belong to Z p . Since Z p is uncountable, there exist elements t 1 , . . . , t l ∈ Z p which are algebraically independent over Q and satisfy the congruences t i ≡ z i (mod p) for all i = 1, . . . , l. Let ε : L → Q p be the embedding sending s i to t i . We claim that h(x) := f ε (x) splits over Z p into linear factors. For this, we first observe that ε(c) ≡ c 0 (mod p), implying that ε(c) ∈ Z × p , and therefore h(x) ∈ Z p [x] in view of (2) . Moreover, for the canonical homomorphism Z p → Z p /pZ p =: F p , z →z, one hash(x) =ḡ(x), hence by the above,h(x) splits over F p into linear factors. On the other hand, it follows from (3) that
which implies thath(x) is prime to its derivativeh (x), and so it does not have multiple roots. Invoking Hensel's Lemma, we now conclude that h(x) splits over Z p into linear factors, as was claimed. It follows that for any extensioñ a root of h(x) , and, on the other hand, all the roots of h(x) belong to Z p , we obtain thatε(α) ∈ Z p , i.e.ε(B) ⊂ Z p . Since by our construction ε(a) ∈ Z × p , it follows from (2) thatε(R) ⊂ Z p . Thus, ε p :=ε is an embedding which has all of the required properties.
We shall view G as a K-subgroup of GL n in terms of a fixed embedding. For a subring R of a commutative K-algebra C, in the sequel G(R) will denote the group G(C) ∩ GL n (R).
For the proof of Theorem 2, we also need the following: Lemma 2. Let G be a semisimple algebraic group defined over a field K of characteristic zero, and let R be a subring of K. Given a finite set S of distinct primes and a system of embeddings
induced by ε p and will use X (p) to denote the closure of δ p (X) in G(Q p ). Since a closed subsemigroup of a profinite group is in fact a subgroup (simply because the set of natural numbers N is dense in the profinite completion Z of Z), we have
, where ∆ is the subgroup of G(R) generated by Γ, so we may assume from the outset that Γ is a subgroup. A standard argument (going back to Platonov's proof [13] of the strong approximation property) shows
be a decomposition of G as an almost direct product of its Q p -simple factors. Then the Lie algebra g of G is the direct sum of the Lie algebras
does not have any proper ideals. Now, by the p-adic analogue of Cartan's theorem on closed subgroups (see [6] . It suffices to show that Remark 5. The strong approximation theorem of Nori and Weisfeiler (see [11] , [20] , and also [12] ) provides a substantially more precise information about the closure of Γ, but the (almost obvious) assertion of Lemma 2 is sufficient for our purpose.
Proof of Theorem 2. Since Γ is finitely generated, there exists a finitely generated subring R of K such that Γ ⊂ G(R) = G∩GL n (R). Fix a maximal K-torus T of G, and let L denote the splitting field of T over K. Let r be the number of nontrivial conjugacy classes of the Weyl group W (G, T ). Using Proposition 1, one can find a set S consisting of r distinct rational primes such that for each p ∈ S, there exists an embedding ε p : L → Q p so that ε p (R) ⊂ Z p . Let v p denote the restriction of the p-adic valuation to K ε p (K) (in the sequel, we will make no distinction between p and v p ; in particular, we will think of S also as the set of all the v p 's). Then K v p = Q p and G splits over K v p , for all p ∈ S. This means that Theorem 3 applies in our set-up, and we let U denote the open subset of G S given by assertion (ii) of that theorem. Now if G is R-isotropic, by [15] , Γ contains an R-regular element y, and then by Lemma 3.5 of [16] , there exists a nonempty Zariski-open subset W of G (W can clearly be assumed to be defined over K) such that for any x ∈ G(R) ∩ W, the element xy m is R-regular for all sufficiently large m. If G is anisotropic over R, we let y = 1 and
Let δ S be as in the preceding lemma and H be the closure of δ S (Γ) in G S . According to Lemma 2 , H is open. Hence by property (a) of U described in Theorem 3(ii), H ∩ U = ∅. It follows that X := H ∩ U ∩ W S is a nonempty open subset of H, and δ S (Γ) ∩ X is dense in X. Let x be an element of Γ such that
For all large positive integers m, say for m s(x), the element xy dm is R-regular.
∈ Ω, it follows from (5) that δ S (xy dm ) ∈ δ S (Γ)∩U, so by Theorem 3, xy dm is a R-regular K-quasi-irreducible anisotropic element without components of finite order. The Zariski-closure of the set {xy dm | m s(x)} clearly contains x. As x was an arbitrary element of Γ such that δ S (x) ∈ X, and the set of such elements is a Zariski-dense subset of G, we conclude that the subset of Γ consisting of all R-regular K-quasi-irreducible anisotropic elements without components of finite order is Zariski-dense in G. This proves Theorem 2.
Remark 6. Let K and G be as in Theorem 2 and Γ be a finitely generated Zariski-dense subgroup of G(K). Let L, S, for p ∈ S, ε p , H, U and X be as in the proof of Theorem 2 and δ S be as in Lemma 2. We fix an element x of Γ such that δ S (x) ∈ X. Let Ω be an open normal subgroup of p∈S G(Z p ) as in the proof of Theorem 2 and let ∆ = δ −1 S (δ S (Γ) ∩ Ω). As H is compact, ∆ has finite index in Γ, hence it is Zariski-dense in G. By Theorem 6.8 of [1] , there exists a finite subset M of ∆ such that for every g ∈ G(R) at least one of the elements γg, γ ∈ M, is R-regular. Let Q be the set of R-regular elements in x∆. Then we have
and hence, every element of x∆ is K-quasi-irreducible anisotropic and none of them have components of finite order. This implies the following strengthening of Theorem 2:
The subgroup Γ is the union of finitely many translates of the subset consisting of all R-regular K-quasi-irreducible anisotropic elements which do not have components of finite order.
In conclusion, we point out that R-regular elements are closely related to the so-called proximal elements, which are defined as invertible linear transformations of a finite dimensional vector space, over a nondiscrete locally compact field, which have a unique eigenvalue of maximum absolute value which, in addition, occurs with multiplicity one. We recall that according to Lemma 3.4 of [16] an element g ∈ G(R) is R-regular if and only if the element ρ(g) is proximal, where ρ is the representation of G(R) constructed as follows: let G(R) = KAN be a fixed Iwasawa decomposition, g and n be the (real) Lie algebras of G(R) and N respectively, and k = dim n; let σ denote the representation of G(R) on ∧ k g obtained from the adjoint representation, and let V be the smallest G(R)-submodule of ∧ k g containing the 1-dimensional subspace ∧ k n; then ρ is the restriction of σ to V. Proximal elements were used by H. Furstenberg to analyze the "universal boundary" of a Lie group, and more recently in [2] to investigate the Auslander problem about properly discontinuous groups of affine transformations (not to mention the fact that proximal elements in the nonarchimedean set-up were used by J. Tits in the proof of his celebrated theorem on the existence of free subgroups in nonvirtually solvable linear groups).
Gol'dsheid and Margulis ( [9] ) have proved that if G is a connected semisimple R-subgroup of GL(V ) such that V is irreducible as a G-module, and G(R) contains a proximal element, then so does any Zariski-dense subsemigroup Γ of G(R) (a more precise result in this direction was obtained in [1] ). Using the result of Gol'dsheid-Margulis in place of the result of [15] and an obvious analogue of Lemma 3.5 of [16] for proximal elements and repeating verbatim the above argument, one obtains the following. 
